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Fast Hyperbolic functions for Arbitrary Precision 
numbers. 

By Henrik Vestermark (hve@hvks.com) 
 

Abstract:  
This is a follow-up to a previous paper that describes the math behind arbitrary precision 
numbers, see [7]. First of all the original paper was written back in 2013 and quite a few 
things had happened since then, secondly, I came across some other interesting methods 
to do the calculation of the hyperbolic function. The paper describes in more detail how 
to do the hyperbolic functions sinh(x), cosh(x), tanh(x) and the inverse arcsinh(x), 
arccosh(x), and arctanh(x) calculation with arbitrary precision. Furthermore, we outline 
some traditional methods but also introduce an improved version that makes the 
calculation 5-10 times faster than the original method used in the author's own arbitrary 
precision math packages. 
 

Introduction: 
When implementing arbitrary precision math packages you would use the standard 
Taylor series for calculating sinh(x), and cosh(x), for arbitrary precisions, while tanh(x), 
arcsinh(x), arccosh(x), and arctanh(x) can be derived from exp(x) or log(x). The Taylor 
series for hyperbolic functions is not particularly fast in its raw form. However, you can 
apply techniques that significantly improved the performance of the method. We will 
discuss the various methods for calculating hyperbolic functions and elaborate on the 
techniques like clever argument reductions and coefficient scaling to improve the 
performance of the method.  
 
As usual, we will show the actual C++ source for the computation using the author’s own 
arbitrary precision Math library, see [1]. 
 
This paper is part of a series of arbitrary precision papers describing methods, 
implementation details, and optimization techniques. These papers can be found on my 
website at www.hvks.com/Numerical/papers.html and are listed below: 

1. Fast Computation of Math Constants in arbitrary precision. HVE Fast Gamma, Beta, 
Error, and Zeta functions for arbitrary precision. 

2. Fast Gamma, Beta, Error, and Zeta functions for arbitrary precision. HVE Fast 
Gamma, Beta, Error, and Zeta functions for arbitrary precision. 

3. Fast Square Root & Inverse calculation for arbitrary precision math.  HVE Fast 
Square Root & inverse calculation for arbitrary precision 

4. Fast Exponential calculation for arbitrary precision math. HVE Fast Exp() calculation 
for arbitrary precision 

5. Fast logarithm calculation for arbitrary precision math. HVE Fast Log() calculation for 
arbitrary precision 

6. Practical implementation of Spigot Algorithms for Transcendental Constants.  
Practical implementation of Spigot Algorithms for transcendental constants 
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7. Practical implementation of π algorithms. HVE Practical implementation of PI 
Algorithms  

8. Fast Trigonometric function for arbitrary precision.  HVE Fast Trigonometric 
calculation for arbitrary precision 

9. Fast Hyperbolic functions for arbitrary precision. HVE Fast Hyperbolic calculation for 
arbitrary precision  

10. Fast conversion from arbitrary precision number to a string. HVE Fast conversion 
from arbitrary precision to string 

11. Fast conversion from a decimal string to an arbitrary precision number. HVE Fast 
conversion from string to arbitrary precision 

 
 

Change log 
25-February 2023. Cleaning up the grammar and correcting minor inaccuracies. 
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The Arbitrary precision library 
 
If you already are familiar with the arbitrary precision library, you can skip this section. 
 
To understand the C++ code and text we have to highlight a few features of the arbitrary 
precision library where the class name is float_precision. Instead of declaring, a variable 
with a float or double you just replace the type name with float_precision. E.g. 
 
float_precision f;  // Declare an arbitrary precision float with 20 decimal digits precision 
 
You can add a few parameters to the declaration. The first is the optional initial value and 
the second optional parameter is the floating-point precision. The native type of a float 
has a fixed size of 4 bytes and 8 bytes for double, however since this precision can be 
arbitrary we can declare the wanted precision as the number of decimal digits we want to 
use when dealing with the variable. E.g. 
 
float_precision fp(4.5);  // Initialize it to 4.5 with default 20 digits precision 
float_precision fp(6.5,10000); // Initialize it to 6.5 with a precision of 10,000 digits 
 
The precision of a variable can be dynamic and change throughout the code, which is 
very handy to manipulate the variable. To change or set the precision you can call the 
method .precision() E.g. 
 
f.precision(100000);     // Change the precision to 100,000 digits 
f.precision(fp.precision()-10);  // Lower the precision with 10 digits 
f.precision(fp.precision()+20); // Increase precision with 20 digits 
 
There is another method to manipulate the exponent of the variables. The method is 
called .exponent() and returns or sets the exponent as a power of two exponents (same as 
for our regular build-in types float and double) E.g. 
 
f.exponent();  // Return the exponent as 2e 

f.exponent(0)  // Remove the exponent 
f.exponen(16)  // Set the exponent to 216 
 
There is a second way to manipulate the exponent and that is the class 
method. .adjustExponent(). This method just adds the parameter to the internal variable 
that holds the exponent of the float_precision variable. E.g. 
 
f.adjustExponent(+1); // Add 1 to the exponent, the same as multiplying the number with 2. 

f.adjustExponent(-1); // Subtract 1 from the exponent, the same as dividing the number with 2. 
 
This allows very fast multiplication of division with a number that is any power of two. 
 
The method .iszero() returns true if the float_precision number is zero otherwise false. 
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There is an additional method() but I will refer to the reference for the user manual to the 
arbitrary precision math package for details. 
 
All the normal operators and library calls that work with the built-in type float or double 
will also work with the float_precision type using the same name and calling parameters. 
 
Internal format for float_precision variables 
 
For the internal layout of the arbitrary precision number, we are using the STL vector 
library declared as: 
 
vector<uintmax_t> mBinary;  
 
uintmax_t is mostly a 64-bit quantity on most systems, so we use a vector of 64-bit 
unsigned integers to store our floating-point precision number. 
 
The method .size() returns the number of internal vector entries needed to hold the 
number. 
 
 

The Binary format mBinary 
 

 
 
There are other internal class variables like the sign, exponent, precision, and rounding 
mode but these are not important to understand the code segments. 
 
Normalized numbers 
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A float_precision variable is always stored as a normalized number with a one in the 
integer portion of the number. The only exception is zero, which is stored as zero. 
Furthermore, a normalized number has no trailing zeros.  
 
For more details see [1].  
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Hyperbolic functions 
 
Usually, you use a Taylor series to calculate the Hyperbolic functions for sinh(x), and 
cosh(x) and some simple hyperbolic identity to calculate tanh(x), arcsinh(x), arccosh(x), 
and arctanh(x). This chapter will examine: 
 

1) Sinh(x) using exp(x) 
2) Sinh(x) using Taylor series, argument reduction, and coefficient scaling. 
3) Cosh(x) using Taylor series, argument reduction, and coefficient scaling. 
4) Tanh(x) using a simple identity. 
5) Arcsinh(x) using a simple identity. 
6) Arccosh(x) using a simple identity. 
7) Arctanh(x) using a simple identity. 

   
The most common one for arbitrary precision libraries is the standard Taylor series 
expansion method.  
 

Sinh(x) using Exp(x) 
 
It is tempting to use the definition of sinh(x): 
 

sinh(x) =
ଵ

ଶ
(e୶ − eି୶) =

ଵ

ଶ
ቀe୶ −

ଵ

ୣ౮
ቁ    ( 1) 

 
Were only need to calculate ex once. In particular, if you have a fast implementation of 
ex, you can use the above to calculate sinh(x) and save some code. However, recall ref [4] 
where the recommended method for calculating ex is to use the sine hyperbolic function: 
 

exp(x) = sinh(x) + ඥ1 + sinh (x)ଶ     ( 2) 
 
If you have implemented the above method for exp(x) then you will experience a little bit 
slower performance using exp(x) to calculate sinh(x).  Usually, sinh(x) is faster to 
calculate than exp(x). 
 
Example of Sinh(x) using exp(x) 
float_precision sinhExp(const float_precision& x) 
 { 
 float_precision v; 
 const float_precision c1(1);  
 
 v.precision(x.precision()); 
 v = exp(x); 
 v -= c1 / v; 
 v.adjustExponent(-1);   // v *= c05; 
 
 // Round to same precision as argument and rounding mode 
 v.mode(x.mode()); 
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 v.precision(x.precision()); 
 return v; 
 } 

Sinh(x) using the Taylor series 
 
We have already seen that using the sinh(x) Taylor series for calculating ex is faster than 
the ex using the Taylor series. See ref [4]. We will repeat the finding from ref [4] below. 
 
Sinh(x) is found with the Taylor series: 
 

sinh(x) = x +
୶య

ଷ!
+

୶ఱ

ହ!
+

୶ళ

଻!
+

୶వ

ଽ!
…     ( 3) 

 
Example sinh(1): 
Calculating sinh(1) using no argument reduction. We need seven Taylor terms to get the 
result using the Taylor series. 
 

Sinh(x)  Original X Reduced  
x=  1 1  
Taylor reductions= 0   

Terms Term value Term Sum Sinh(x) Error 
1 1.00E+00 1.00000000000 1.0000000000 1.75E-01 
2 1.67E-01 1.16666666667 1.1666666667 8.53E-03 
3 8.33E-03 1.17500000000 1.1750000000 2.01E-04 
4 1.98E-04 1.17519841270 1.1751984127 2.78E-06 
5 2.76E-06 1.17520116843 1.1752011684 2.52E-08 
6 2.51E-08 1.17520119348 1.1752011935 1.61E-10 
7 1.61E-10 1.17520119364 1.1752011936 7.67E-13 

 
  

The issue with arbitrary precision 
 
The number of Taylor terms to reach a result does not seem too bad at a first glance. In 
the previous examples, we were only using approx. 7 decimal digits. However, when we 
are dealing with higher precisions e.g. 1,000 digits, 10,000, or even 100,000 digits we 
suddenly have to perform a lot more Taylor terms to find our result. In Yacas’ book of 
algorithms [5] they found a bound for the number of Taylor terms, n needed for the sin(x) 
as a function of the number of precision in digits P and the magnitude, M of the argument 
x=10M. You can use the same rationale as they used for sin(x) to get a bound for the 
number of Taylor terms for sinh(x):  
 

2(n + 1) ≈
(P − M) ∙ ln(10)

ln(P − M) − 1 − M ∙ ln(10)
=> 
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n ≈
ଵ

ଶ

(୔ି୑)∙୪୬(ଵ଴)

୪୬(୔ି୑)ିଵି୑∙୪୬(ଵ଴)
− 1     ( 4) 

 
 
The number of Taylor terms needed for sinh(x) as a function of precision and argument 
magnitude. 
 

Digits 101 102 103 104 105 106 107 108 
x 

        

101 (11) 88 319 1,948 14,022 109,512 898,358 7,615,327 

100 8 31 194 1,402 10,951 89,835 761,532 6,608,768 

10-1 3 19 140 1,095 8,983 76,153 660,876 5,837,230 

10-2 2 14 109 898 7,615 66,087 583,723 5,227,006 

10-3 1 11 90 761 6,608 58,372 522,700 4,732,291 

10-4 1 9 76 661 5,837 52,270 473,229 4,323,125 

10-5 1 7 66 584 5,227 47,323 432,312 3,979,084 

10-6 1 6 58 522 4,732 43,231 397,908 3,685,765 

10-7 1 6 52 473 4,323 39,791 368,576 3,432,721 

10-8 1 5 47 432 3,979 36,857 343,272 3,212,190 

10-9 (1) 5 43 398 3,686 34,327 321,219 3,018,284 

 
The table above is quite interesting. E.g., the effect of argument reduction for a precision 
of 100 digits reduces the number of Taylor terms by a factor of six between arguments of 
1 in magnitude down to arguments of 10-9 in magnitude. For a precision of 100,000 
digits, the factor is only around three; for 100M digits, it is around 2.2. The lesson here is 
that argument reduction is more efficient for smaller precision than for higher precision. 
However overall argument reduction is beneficial at any precision. There is another 
approximation for n based on the actual value of x not just the magnitude.  It usually 
gives a little bit less amount of needed Taylor terms. This formula can be quite useful: 
 

n ≈
୔∙୪୬(ଵ଴)

ଶ(୪୬(୔)ି୪୬ (୶))
− 1       ( 5) 

 

Argument Reduction 
 
It is clear looking at the Taylor series for sinh(x) that we prefer to have our |x| < 1 to 
ensure that the Taylor series converge more quickly. As we have seen before we can use 
argument reduction to work with smaller a number to get a faster converging of sinh(x) 
using fewer Taylor terms of the Taylor series.  
 
We can use the trisection identity: sinh(3𝑥) = sinh(x)(3 + 4𝑠𝑖𝑛ℎଶ(x)) to reduce the 
argument with a factor of three and then after the Taylor iterations we restore and find the 
correct value for sinh(x) by applying this formula the same number of times we did when 
reducing the argument. 
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Example – Two-argument reduction: 
Using the same example as before for sinh(1) and using two argument reductions, you get 
the result after only four Taylor terms compare to seven with no argument reductions. 
 

Sinh(x)  Original X Reduced  
x=  1 0.111111111  
Taylor reductions= 2   

Terms Term value Term Sum Sinh(x) Error 
1 1.11E-01 0.11111111111 1.1720460995 3.16E-03 
2 2.29E-04 0.11133973480 1.1751992452 1.95E-06 
3 1.41E-07 0.11133987592 1.1752011931 5.73E-10 
4 4.15E-11 0.11133987596 1.1752011936 9.84E-14 

 
 
Example – Eight-argument reductions: 
With 8 times argument reduction, you get the result after two Taylor terms compare to 
four using two argument reductions. 
 

Sinh(x)  Original X Reduced  
x=  1 0.000152416  
Taylor reductions= 8   

Terms Term value Term Sum Sinh(x) Error 
1 1.52E-04 0.00015241579 1.1752011877 5.97E-09 
2 5.90E-13 0.00015241579 1.1752011936 0.00E+00 

 
 
As of no surprise, using argument reduction greatly reduced the number of Taylor terms 
needed and will result in faster performance.  
 
 

Finding a reasonable argument reduction factor. 
 
As can be seen in the above table a higher reduction factor greatly improved the 
performance. However, how many times reduction is adequate? The argument reduction 
on the front end is a division per reduction. In the back end, you do this as many times as 
you did the reductions on the front end.  Sinh(3x)=3Sinh(x)-4(sinh3(x)) taking sinh(x) out 
as a factor you get this: Sinh(3x)=Sinh(x)(3-4(sinh2(x))) or one subtraction and three 
multiplication. Using  

 

n ≈
୔∙୪୬(ଵ଴)

ଶ(୪୬(୔)ି୪୬ (୶))
− 1       ( 6) 

 
At a starting point of x=1, you get for P=100 digits that the needed Taylor term is 24. 
Doing three reductions you get x=1/33 = 0.037. Using the above formula we expect we 
would only need 14 Taylor terms. Each Taylor term requires one addition/subtraction, 1 
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division, and multiplication which yields a total saving of 10 subtraction, 10 division, and 
10 multiplication. Compared to three reductions on the front end are three divisions and 
on the back end 3 subtraction and nine multiplication a total saving of seven 
subtraction/addition, one multiplication, and seven division. Since division is a 
magnitude slower than multiplication and addition/subtraction, we can give a rough 
saving equivalent with seven divisions. For higher precisions, the saving becomes larger.  
  
We automatically calculate the reduction factor as: 
 

 𝑘 = 8 ቒ
ଶ

ଷ
ln(2) ∗ ln(𝑃)ቓ        ( 7) 

 
for higher precisions, and then we made adjustments for the magnitude of x. We add the 
exponent to the reduction factor. If x is large then we do more argument reductions and if 
x is small, we reduced the number of reductions. This has the effect that our reduction 
factor gets smaller if x is very small preventing us from doing unnecessary reductions. If 
x is very small, the reduction factor is negative and we simply do not perform any 
argument reductions at all. E.g. for P=100 you get 24 and for P=10,000 you get 40. To 
compensate for the inaccuracy when adding the front and back end calculation, we 
increase the precision by the reduction factor, k/4. The increased precision only generates 
a small performance penalty compared to the extra saving in Taylor’s terms of the overall 
calculation.  
  
Now to calculate a reasonable reductions factor we make it a function of the wanted 
precision and the magnitude of the argument x. E.g. argument reduction increased as a 
log function of the wanted precision and argument reduction increased with a large 
magnitude of the number and decreased for a smaller magnitude of the argument x.  
 
In our source code, we use the following code segment to calculate the needed argument 
reduction. 
 // automatically calculate the optimal reduction factor as a power of two 
 // and as a function of the wanted precision 
 k = 8 * (intmax_t)ceil(log(2)*log(precision)); 
 // Now adjust for small or large arguments.  
 k += v.exponent() + 2; 
 k = std::max((intmax_t)0, k); 
 // since we are using the trisection identity: 
 //  sinh(3x)=sinh(x)(3+4Sinh^2(x)) 
 // we reduce the argument to 2/3*k times.  
 // Converting power of 2 to power of 3. (roughly) 
 k = (intmax_t)ceil(2.0*k / 3); 
 
 

Guard Digits 
 
When summarizing a Taylor series as sinh(x) you need quite a lot of summarizing and 
that will produce round-off errors.  
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For our sinh(x) function, we use a simple guard digits calculation that we add  
 

 2 + ⌈𝑙𝑜𝑔10(𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛)⌉ as extra guard digits as the working precision. 
 
 

Further improvements of the method? 
 
The same technique for coefficient scaling (grouping of Taylor terms) can be applied 
here as well. Consider the Taylor series for sine hyperbolic: 
 

sinh(𝑥) = 𝑥 +
௫య

ଷ!
+

௫ఱ

ହ!
+

௫ళ

଻!
+

௫వ

ଽ!
…     ( 8) 

 
The issue again clearly is the division for each term. Since division is many times slower 
than calculation and addition. You could group two or more Taylor terms (sometimes 
referred to as coefficient scaling) and reduce the number of divisions. Consider the n’th 
and the n+1 term: 
  

…
𝑥௡

𝑛!
+

𝑥௡ାଶ

(𝑛 + 2)!
… 

Moreover, group them: 
 

…
(𝑛 + 1)(𝑛 + 2)𝑥௡

(𝑛 + 1)(𝑛 + 2)𝑛!
+

𝑥௡ାଶ

(𝑛 + 2)!
… => 

 

…
(𝑛 + 1)(𝑛 + 2)𝑥௡ + 𝑥௡ାଶ

(𝑛 + 2)!
… 

 
Then you have replaced one division with two extra multiplication. The (n+1)(n+2) can 
be done using 64-bit integer arithmetic since you never get to do so many Taylor terms in 
real life that it will overflow. There is no need to stop at just grouping two terms together 
you can do that for three terms: 
 
For grouping three Taylor terms, you get: 
 

…
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)𝑥௡ + (𝑛 + 3)(𝑛 + 4)𝑥௡ାଶ + 𝑥௡ାସ

(𝑛 + 4)!
… => 

 

…
(𝑛 + 3)(𝑛 + 4)( (𝑛 + 1)(𝑛 + 2)𝑥௡ + 𝑥௡ାଶ) + 𝑥௡ାସ

(𝑛 + 4)!
… 

 
Alternatively, even higher. In the source code below, we use a grouping of five Taylor 
terms at a time. 
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Source for sinh() using coefficient scaling 
float_precision sinh(const float_precision& x) 
 { 
  const int group=5; 
 size_t precision = x.precision() + 2+(size_t)ceil(log10(x.precision())); 
 size_t loopcnt = 2; 
 intmax_t k; 
 uintmax_t i; 
 float_precision r, sinhx, v(x), vsq, terms; 
 const float_precision c1(1), c3(3), c4(4); 
 
 if (x.sign() < 0) 
  v.change_sign(); 
 
  // Automatically calculate optimal reduction factor as a power of two 
 k = 8 * (intmax_t)ceil(log(2)*log(precision)); 
 k += v.exponent() + 2; 
  
 // Now use the trisection identity sinh(3x)=sinh(x)(3+4Sinh^2(x)) 
 // until the argument has been reduced 2/3*k times.  
  // Converting power of 2 to power of 3. 
 k = 2*(intmax_t)ceil(2.0*k / 3); 
 
 // Adjust the precision 
 precision += k/4; 
 v.precision(precision); 
 r.precision(precision); 
 sinhx.precision(precision); 
 vsq.precision(precision); 
 terms.precision(precision); 
 r = c3; 
 r = pow(r, float_precision(k)); // Since r and k is an integer this is fast   
 v /= r; 
 vsq = v.square(); 
 r = v; 
 sinhx = v; 
 
 if (group == 1) 
  {// No Coefficients rescaling 
  // Now iterate using Taylor expansion 
  for (i = 3;; i += 2, ++loopcnt) 
   { 
   r *= vsq / float_precision(i*(i - 1)); 
   if (sinhx + r == sinhx) 
    break; 
   sinhx += r; 
   } 
  } 
 else 
  { 
  std::vector<float_precision> vn(group);  // vn[0] is not used 
  std::vector<float_precision> cn(group); 
 
  for (i = 0; i < group; ++i) 
   { 
   cn[i].precision(precision); vn[i].precision(precision); 
   if (i == 1) vn[i] = vsq; 
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   if (i > 1) vn[i] = vn[i-1]*vsq; 
   } 
  // Now iterate  
  for (i = 3; ; ) 
   { 
   int j; 
   for (j = group - 1; j >= 0; --j) 
    { 
    if (j == group - 1) 
     { 
     cn[j] = float_precision((i + 2*j-1)*(i+2*j)); 
     } 
    else  
     { 
     cn[j] = cn[j + 1] * float_precision((i + 2*j-
1)*(i+2*j)); 
     } 
    } 
   for (j = 2, terms = cn[1]; j < group; ++j) 
    terms += cn[j] * vn[j - 1]; 
   terms += vn[group - 1]; 
   r *= vsq / cn[0]; 
   terms *= r; 
   i += 2*group;   // Update term count 
   loopcnt += group; 
   if (sinhx + terms == sinhx) // Reach precision 
    break;   // yes terminate loop 
   sinhx += terms;  // Add the Taylor terms to result 
   if (group > 1) 
    r *= vn[group - 1]; // ajust r to last Taylor term 
   } 
  } 
 
 for (; k > 0; k--) 
  { 
  sinhx *= (c3 + c4*sinhx.square()); 
  } 
 
 // Round to same precision as argument and rounding mode 
 sinhx.mode(x.mode()); 
 sinhx.precision(x.precision()); 
 if (x.sign() < 0) 
  sinhx.change_sign(); 
 return sinhx; 
 } 
 
 

Recommendation for calculating sinh(x) 
 
Based on the performance measure of the various sinh(x) methods recommend: 
 

 Use standard Taylor series for sinh(x)  
 Use an aggressive reductions factor to speed up the Taylor terms calculation. 
 Use coefficient scaling to increase performance.  
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Cosh(x) using Exp(x) 
 
It is tempting to use the definition of cosh(x): 
 

cosh(x) =
ଵ

ଶ
(e୶ + eି୶) =

ଵ

ଶ
ቀe୶ +

ଵ

ୣ౮
ቁ    ( 9) 

 
Were only need to calculate ex once. Particularly if you have a fast implementation of ex, 
you can use the above to calculate cosh(x) and save some code. However, the Taylor 
series for cosh(x) is faster to calculate than using the Taylor series for exp(x).  
 
Example of Cosh(x) using exp(x) 
float_precision coshExp(const float_precision& x) 
 { 
 float_precision v; 
 const float_precision c1(1);  
 
 v.precision(x.precision()); 
 v = exp(x); 
 v += c1 / v; 
 v.adjustExponent(-1);   // v *= c05; 
 
 // Round to same precision as argument and rounding mode 
 v.mode(x.mode()); 
 v.precision(x.precision()); 
 return v; 
 } 
 

Cosh(x) using Taylor series: 
 
For cosh(x), we again use a Taylor series until any additional addition does not change 
the result for the given precision of the number. 
 

cos h(x) = 1 +
୶మ

ଶ!
+

୶ర

ସ!
+

୶ల

଺!
+

୶ఴ

଼!
… for any real value x    10) 

 
Example cosh(1): 
Calculating cosh(1) using no argument reduction. We need nine Taylor terms to get the 
result using the Taylor series. 
 

Cosh(x)  Original X Reduced  
x=  1 1  

Taylor reductions=  0   
Terms Term value Taylor sum Cosh(x) Error 

1 1.00E+00 1     1.00000000000000  5.43E-01 
2 5.00E-01 1.5     1.50000000000000  4.31E-02 
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3 4.17E-02 1.54166667     1.54166666666667  1.41E-03 
4 1.39E-03 1.54305556     1.54305555555556  2.51E-05 
5 2.48E-05 1.54308036     1.54308035714286  2.78E-07 
6 2.76E-07 1.54308063     1.54308063271605  2.10E-09 
7 2.09E-09 1.54308063     1.54308063480373  1.15E-11 
8 1.15E-11 1.54308063     1.54308063481520  4.77E-14 
9 4.78E-14 1.54308063     1.54308063481524  0.00E+00 

 
The vast majority of the issues arising in arbitrary precision for sinh(x) also apply to 
cosh(x). 
  

Argument Reduction 
 
It is clear looking at the Taylor series for cosh(x) that we prefer to have our |x| < 1 to 
ensure that the Taylor series converge more quickly. As we have seen before we can use 
argument reduction to work with a smaller number to get a faster converging of cosh(x) 
using fewer Taylor terms of the Taylor series.  
 
We can use the trisection identity: cosh(3𝑥) = cosh(x)(4𝑐𝑜𝑠ℎଶ(x) − 3) to reduce the 
argument with a factor of three and then after the Taylor iterations we restore and find the 
correct value for cosh(x) by applying this formula the same number of times we did when 
reducing the argument. 
 
Example – Two-argument reduction: 
Using the same example as before for cosh(1) and using two argument reductions, you 
get the result after only five Taylor terms compare to nine with no argument reductions. 
 

Cosh(x)  Original X Reduced  
x=  1 0.111111111  

Taylor reductions=  2   
Terms Term value Taylor sum Cosh(x) Error 

1 1.00E+00 1     1.00000000000000  5.43E-01 
2 6.17E-03 1.00617284     1.54247714909996  6.03E-04 
3 6.35E-06 1.00617919     1.54308038649498  2.48E-07 
4 2.61E-09 1.00617919     1.54308063476051  5.47E-11 
5 5.76E-13 1.00617919     1.54308063481524  2.00E-15 

 
Example – Eight-argument reductions: 
With 8 times argument reduction, you get the result after two Taylor terms compare to 
five using two argument reductions. However, the error is considerably higher (less 
accurate) than the equivalent calculation for sinh(1). 
 

Cosh(x)  Original X Reduced  
x=  1 0.000152416  
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Taylor reductions=  8   
Terms Term value Taylor sum Cosh(x) Error 

1 1.00E+00 1     1.00000000000000  5.43E-01 
2 1.16E-08 1.00000001     1.54308063305537  1.76E-09 

 
As of no surprise, using argument reduction greatly reduced the number of Taylor terms 
needed and will result in faster performance.  However aggressive reductions of 
argument result in a significant reduction in accuracy. This is due to the trisection identity 
and the Taylor sum is approaching one for a very small argument resulting in a higher 
loss of accuracy unless you take precautions.  To avoid inaccuracy in the result we 
increase the precision with the reduction, k (instead of k/4 as for sinh(x)). 
 

Cosh(x) using double angle reduction 
 
Argument reduction reduces x to a much smaller value that is much more sensitive to 
round-off errors for cosh(x) than its counterpart for sinh(x). It is therefore potentially 
better to use the double-angle formula: 
 

  cosh(2x) = coshଶ(x) − 1      ( 11)  
 
Alternatively, even better written as:  
  

  cosh(2x) = 2(1 − cosh(x))ଶ − 4(1 − cosh(x)) + 1  ( 12) 
 
Although it does not prevent round-off errors it is less sensitive that the trisection 
formula. We calculate the reduction factor for cosh(x) as 𝑘 = 8⌈ln(2) ∗ ln (𝑃)⌉  for 
higher precisions, and then we adjust for the magnitude of x. We add the exponent to the 
reduction factor. This has the effect that our reduction factor gets smaller if x is very 
small preventing us from doing unnecessary reductions. If x is very small, the reduction 
factor is negative and we simply do not perform any argument reductions at all. 
Since we are a little bit less sensitive using the double angle formula versus the trisection 
formula we only increase the precision with 0.75 * k.  
 

Source for cosh(x) with argument reduction and coefficient scaling 
float_precision cos(const float_precision& x) 
 { 
 const int group = 5; 
 size_t precision = x.precision() + 2 + (size_t)ceil(log10(x.precision())); 
 intmax_t k, i; 
 uintmax_t loopcnt = 1; 
 float_precision r, cosx, v(x), vsq, terms; 
 const float_precision c1(1), c2(2), c4(4); 
 
 // Check for argument reduction and increase precision if necessary 
 // Automatically calculate optimal reduction factor as a power of two 
 k = 2 * (intmax_t)ceil(log(2)*log(precision)); 
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 precision += 3*k/4; 
 r.precision(precision); 
 cosx.precision(precision); 
 v.precision(precision); 
 vsq.precision(precision); 
 terms.precision(precision); 
 
 // Check that argument is larger than 2*PI and reduce it if needed.  
 // No need for high precision.  
 // we just need to figure out if we need to Calculate PI with  
 // a higher precision 
 if (abs(v) > float_precision(2 * 3.14159265)) 
  {  // Reduce argument to between 0..2P 
  cosx = _float_table(_PI, precision); 
  cosx.adjustExponent(-1);   // Multiply with 2 
  if (abs(v) > cosx) 
   { 
   r = v / cosx; 
   (void)modf(r, &r); 
   v -= r * cosx; 
   } 
  if (v < float_precision(0)) 
   v += cosx; 
  } 
 
 // Reduced it further to between 0..PI.  
 // However, avoid calculating PI is not needed. 
 // No need for high precision.  
 // we just need to figure out if we need to Calculate PI with  
 // a higher precision 
 if (abs(v) > float_precision(3.14159265)) 
  { 
  r = _float_table(_PI, precision); 
  if (v > r) 
   v = r * c2 - v; // cos(x)=cos(2PI - x) for x >= PI 
  } 
 
 // Adjust k for the final value of v when v is small (less than 1).  
 // We know it is in the interval between [0...PI] 
 // This indicates that the exponent is in the range [-inf..1] 
 // Avoid unnecessary argument reduction if v is small  
 k += v.exponent(); 
 k = std::max((intmax_t)0, k); 
 
 // Now use the double identity cos(2x)=2cos(x)^2-1 
 // k times k.  Where k is the number of reduction factor based  
 // on the needed precision of the argument.  
 v.adjustExponent(-k);  // Divide with 2^k 
 vsq = v.square(); 
 r = c1; 
 cosx = r; 
 
 if (group == 1) 
  { 
  // Now iterate using Taylor expansion 
  for (i = 2;; i += 2, ++loopcnt) 
   { 
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   r *= vsq / float_precision(i*(i - 1));;   
   r.change_sign(); 
   if (cosx + r == cosx) 
    break; 
   cosx += r; 
   } 
  } 
 else 
  {  
  std::vector<float_precision> vn(group);  // vn[0] is not used 
  std::vector<float_precision> cn(group);  //  
 
  for (i = 0; i < group; ++i) 
   { 
   cn[i].precision(precision); vn[i].precision(precision); 
   if (i == 1) vn[1] = vsq; 
   if (i > 1) vn[i] = vn[i - 1] * vsq; 
   } 
  // Now iterate  
  for (i = 2; ; ) 
   { 
   // Re-calculate the coefficients 
   intmax_t j; 
   for (j = group - 1; j >= 0; --j) 
    { 
    if (j == group - 1) 
     { 
     cn[j] = float_precision((i + 2 * j - 1)*(i + 2 * 
j), precision); 
     if ((i / 2 + j - 1) & 0x1)  // Odd 
      cn[j].change_sign(); 
     } 
    else 
     { 
     cn[j] = -cn[j + 1] * float_precision((i + 2 * j 
- 1)*(i + 2 * j), precision); 
     } 
    } 
 
   cn[0] = abs(cn[0]).inverse(); 
   // Adding from smallest to largest number 
   terms = vn[group - 1]; 
   if ((i / 2 + group - 1) & 0x1) 
    terms.change_sign(); 
   for (j = group - 1; j >= 2; --j) 
    terms += cn[j] * vn[j - 1]; 
   terms += cn[1]; 
   r *= vsq*cn[0]; 
   terms *= r; 
   i += 2 * group;  // Update term count 
   loopcnt += group; 
   if (cosx + terms == cosx) // Reach precision 
    break;   // yes terminate loop 
   cosx += terms;  // Add Taylor terms to result 
   if (group > 1) 
    r *= vn[group - 1]; // ajust r to last Taylor term 
   } 
  } 
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 // Double formula cos(2x)=cos^2(x)-1=-4(1-cos(x)+2*(1-cosx)^2+1 
 for (; k > 0; --k) 
  { 
  v = c1 - cosx; 
  cosx  = -c4*v + c2*v.square() + c1; 
  } 
 
 // Round to same precision as argument and rounding mode 
 cosx.mode(x.mode()); 
 cosx.precision(x.precision()); 
 return cosx; 
 } 
 
The performance is similar to the cosh(x) using the trisection as a reduction factor. 
Although you can use a little bit less precision it does not change the performance 
observed compared to the trisection formula of cosh(x). 
 

Recommendation for calculating cosh(x) 
 
Based on the performance measure of the various cosh(x) methods recommend: 
 

 It is a matter of taste if you should use the cosh(x) using the double angle formula 
or trisection formula since the performance is equivalent. 

 Do not use the Taylor series for cosh(x) with to aggressive reductions factor to 
speed up the Taylor term calculation. 

 Also, use coefficient scaling to increase performance 
 

Tanh(x): 
 
Tanh(x) is defined as: 
 

tanh(x) =
ୣ౮ିୣష౮

ୣ౮ାୣష౮
=

ୣమ౮ିଵ

ୣమ౮ାଵ
      ( 13) 

 
Which seems to be the most effective way of calculating tanh(x) using one call for 
exp(x). 
 
We could also use the Taylor series for tanh(x): 
 

tanh(x) = x −
୶య

ଷ
+

ଶ୶ఱ

ଵହ
−

ଵ଻୶ళ

ଷଵହ
+ ⋯

(ିଵ)౤షభ∙ଶమ౤൫ଶమ౤ିଵ൯ஒ౤୶మ౤షభ

(ଶ୬)!
+ ⋯ ( 14) 

 
Where Bn is the Bernoulli number. However, since we do not know how many Bernoulli 
numbers we need this will require us to calculate Bernoulli numbers on the fly and 
therefore much more complicated to implement than just a call to the e2x function. 
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Source for tanh(x)  
float_precision tanh( const float_precision& x ) 
   { 
   float_precision v(x), vsq; 
   const float_precision c1(1); 
 
   v.precision( x.precision() + 1 ); 
   vsq.precision( x.precision() + 1 ); 
   v = exp( v ); 
   vsq= v.square(); 
   v = (vsq-c1)/(vsq+c1); 
 
   // Round to the same precision as argument and rounding mode 
   v.mode( x.mode() ); 
   v.precision( x.precision() );   
   return v; 
   } 
 

Recommendation for calculating tanh(x) 
 
Based on the performance measure of the various tanh(x) methods recommend: 
 

 Use the definition of tanh(x) using exp(x) in favor of using the Taylor series for 
tanh(x). 

 

Arcsinh(x): 
 
There are two methods. The direct method or the method using the Taylor series. 
 

Arcsinh(x) direct method: 
 
Arcsinh(x) is equal to: 
 

  Arcsinh(x) = ln൫x + √xଶ + 1൯     ( 15) 
 
Ln(x) is relatively fast to calculate and the same goes for the square root. This direct 
method is the preferred way of calculating Arcsinh(x). 
 
Source for asinh(x) 
float_precision asinh( const float_precision& x ) 
   { 
   float_precision v(x); 
   const float_precision c1(1); 
 
   v.precision( x.precision() + 1 ); 
   v = log(v+sqrt(v.square()+c1)); 



Fast Hyperbolic functions for Arbitrary Precision numbers  
 

25 February 2023.               www.hvks.com/Numerical/arbitrary_precision.html Page 23 
 

    
   // Round to the same precision as argument and rounding mode 
   v.mode( x.mode() ); 
   v.precision( x.precision() );   
   return v; 
   } 
 

Arcsinh(x) using the Taylor series 
 
Arcsinh(x) also has a Taylor series equivalence based on two Taylor series. This first 
Taylor series is for |x| < 1: 
 

 Arcsinh(x) = x −
ଵ

ଶ

୶య

ଷ
+

ଵ∙ଷ

ଶ∙ସ

୶ఱ

ହ
−

ଵ∙ଷ∙ହ

ଶ∙ସ∙଺

୶ళ

଻
+

ଵ∙ଷ∙ହ∙଻

ଶ∙ସ∙଺∙଼

୶వ

ଽ
− ⋯    ( 16) 

 
The second Taylor series is for |x|>=1: 
 

Arcsinh(x) = ± ln(2x) +
ଵ

ଶ

ଵ

ଶ୶మ
−

ଵ∙ଷ

ଶ∙ସ

ଵ

ସ୶ర
+

ଵ∙ଷ∙ହ

ଶ∙ସ∙଺

ଵ

଺୶ల
−

ଵ∙ଷ∙ହ∙଻

ଶ∙ସ∙଺∙଼

ଵ

଼୶ఴ
− ⋯  ( 17) 

 
Where the + applies for x>=1 and – for x<=-1. 
 
Example: Arcsinh(0.1) 
A result is found using only seven Taylor terms 

ArcSinh(x)  Original  |x|<1 

 x= 0.1   
Terms Term value Term Sum ArcSinh(x) Error 

1 1.00E-01 0.1000000000000 0.100000000000000 -1.66E-04 
2 1.67E-04 0.0998333333333 0.099833333333333 7.46E-07 
3 7.50E-07 0.0998340833333 0.099834083333333 -4.43E-09 
4 4.46E-09 0.0998340788690 0.099834078869048 3.02E-11 
5 3.04E-11 0.0998340788994 0.099834078899430 -2.22E-13 
6 2.24E-13 0.0998340788992 0.099834078899206 1.73E-15 
7 1.74E-15 0.0998340788992 0.099834078899208 0.00E+00 

 
Example: Arcsinh(0.7)  
A result is found after 27 Taylor Terms, but the result is not very accurate (error ~10-12) 

ArcSinh(x)  Original  |x|<1 

 x= 0.7   
Terms Term value Term Sum ArcSinh(x) Error 

1 7.00E-01 0.7000000000000 0.700000000000000 -4.73E-02 
2 5.72E-02 0.6428333333333 0.642833333333333 9.83E-03 
3 1.26E-02 0.6554385833333 0.655438583333333 -2.77E-03 
4 3.68E-03 0.6517620520833 0.651762052083333 9.05E-04 
5 1.23E-03 0.6529880731293 0.652988073129340 -3.22E-04 
6 4.42E-04 0.6525457024446 0.652545702444649 1.21E-04 
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7 1.68E-04 0.6527138316619 0.652713831661927 -4.73E-05 
8 6.63E-05 0.6526475327072 0.652647532707247 1.90E-05 
9 2.69E-05 0.6526744057210 0.652674405721047 -7.84E-06 

10 1.11E-05 0.6526632785647 0.652663278564660 3.29E-06 
11 4.69E-06 0.6526679649520 0.652667964952025 -1.40E-06 
12 2.00E-06 0.6526659636053 0.652665963605294 6.02E-07 
13 8.65E-07 0.6526668282204 0.652666828220438 -2.62E-07 
14 3.77E-07 0.6526664510290 0.652666451029002 1.15E-07 
15 1.66E-07 0.6526666169607 0.652666616960717 -5.09E-08 
16 7.35E-08 0.6526665434351 0.652666543435125 2.26E-08 
17 3.28E-08 0.6526665762216 0.652666576221552 -1.01E-08 
18 1.47E-08 0.6526665615197 0.652666561519732 4.56E-09 
19 6.63E-09 0.6526665681449 0.652666568144933 -2.06E-09 
20 3.00E-09 0.6526665651461 0.652666565146113 9.36E-10 
21 1.36E-09 0.6526665665089 0.652666566508912 -4.27E-10 
22 6.22E-10 0.6526665658874 0.652666565887360 1.95E-10 
23 2.84E-10 0.6526665661718 0.652666566171770 -8.94E-11 
24 1.31E-10 0.6526665660412 0.652666566041240 4.11E-11 
25 6.01E-11 0.6526665661013 0.652666566101311 -1.90E-11 
26 2.77E-11 0.6526665660736 0.652666566073596 8.76E-12 
27 1.28E-11 0.6526665660864 0.652666566086412 -4.06E-12 

 
 
There are several issues with the Taylor series approach. 
  

 First, the Taylor series convergence slowly when x is approaching one from either 
side.   

 Secondly, you need to calculate the ln(2x) which takes approximately the same 
amount of time as the direct method.  

 Thirdly, you cannot overcome the issue of slow convergence since there is no 
argument reduction available (the technique we use to speed up the Taylor series). 

 Lastly, it is several magnitudes slower than the direct method. 
 

Therefore, this method is not recommended. 
 

Recommendation for calculating Arcsinh(x) 
 
Based on the performance measure of the various arcsinh(x) methods recommend: 
 

 Use the Direct method: Arcsinh(x) = ln൫x + √xଶ + 1൯ 
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Arccosh(x): 
 
Again, there are two methods. The direct method or the method using the Taylor series. 
 

Arccosh(x) direct method: 
 
Arccosh(x) is equal to: 
 

  Arccosh(x) = ln൫x + √xଶ − 1൯,   where x ≥ 1   ( 18) 
 
Ln(x) is relatively fast to calculate and the same goes for the square root.  This direct 
method is the preferred way of calculating Arccosh(x). 
. 
Source for Arccosh(x)  
float_precision acosh( const float_precision& x ) 
   { 
   float_precision v(x); 
   const float_precision c1(1); 
 
   if( x < c1 ) 
      { throw float_precision::domain_error(); } 
    
   v.precision( x.precision() + 1 ); 
   v = log(v+sqrt(v.square()-c1)); 
    
   // Round to the same precision as argument and rounding mode 
   v.mode( x.mode() ); 
   v.precision( x.precision() );   
   return v; 
   } 
 
 

Arccosh(x) using the Taylor series 
 
Arccosh(x) also have a Taylor series equivalence for |x|>=1: 
 

Arccosh(x) = ln(2x) − (
ଵ

ଶ

ଵ

ଶ୶మ
+

ଵ∙ଷ

ଶ∙ସ

ଵ

ସ୶ర
+

ଵ∙ଷ∙ହ

ଶ∙ସ∙଺

ଵ

଺୶ల
+

ଵ∙ଷ∙ହ∙଻

ଶ∙ସ∙଺∙଼

ଵ

଼୶ఴ
− ⋯ ) ( 19) 

 
However, it converges just as slowly as the Arcsinh(x).  
 
Example: Arccosh(5) 
A result is found using nine Taylor terms. 

ArcCosh(x) Original  x>=1 

 x= 5   
Terms Term value Term Sum ArcCosh(x) Error 
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1 2.30E+00     2.30258509299405      2.30258509299405  -1.02E-02 
2 1.00E-02     2.29258509299405      2.29258509299405  -1.53E-04 
3 1.50E-04     2.29243509299405      2.29243509299405  -3.42E-06 
4 3.33E-06     2.29243175966071      2.29243175966071  -9.01E-08 
5 8.75E-08     2.29243167216071      2.29243167216071  -2.60E-09 
6 2.52E-09     2.29243166964071      2.29243166964071  -7.95E-11 
7 7.70E-11     2.29243166956371      2.29243166956371  -2.53E-12 
8 2.45E-12     2.29243166956126      2.29243166956126  -8.30E-14 
9 8.04E-14     2.29243166956118      2.29243166956118  0.00E+00 

 
Example: Arccosh(2) 
A result is found using twenty-one Taylor terms 

ArcCosh(x) Original  x>=1 

 x= 2   
Terms Term value Term Sum ArcCosh(x) Error 

1 1.39E+00     1.38629436111989      1.38629436111989  -6.93E-02 
2 6.25E-02     1.32379436111989      1.32379436111989  -6.84E-03 
3 5.86E-03     1.31793498611989      1.31793498611989  -9.77E-04 
4 8.14E-04     1.31712118403656      1.31712118403656  -1.63E-04 
5 1.34E-04     1.31698766963226      1.31698766963226  -2.98E-05 
6 2.40E-05     1.31696363703949      1.31696363703949  -5.74E-06 
7 4.59E-06     1.31695904748184      1.31695904748184  -1.15E-06 
8 9.13E-07     1.31695813425353      1.31695813425353  -2.37E-07 
9 1.87E-07     1.31695794697038      1.31695794697038  -5.00E-08 

10 3.93E-08     1.31695790766404      1.31695790766404  -1.07E-08 
11 8.40E-09     1.31695789926231      1.31695789926231  -2.34E-09 
12 1.82E-09     1.31695789743962      1.31695789743962  -5.15E-10 
13 4.00E-10     1.31695789703933      1.31695789703933  -1.15E-10 
14 8.88E-11     1.31695789695050      1.31695789695050  -2.57E-11 
15 1.99E-11     1.31695789693062      1.31695789693062  -5.81E-12 
16 4.48E-12     1.31695789692614      1.31695789692614  -1.32E-12 
17 1.02E-12     1.31695789692512      1.31695789692512  -3.02E-13 
18 2.33E-13     1.31695789692489      1.31695789692489  -6.95E-14 
19 5.34E-14     1.31695789692483      1.31695789692483  -1.62E-14 
20 1.23E-14     1.31695789692482      1.31695789692482  -4.00E-15 
21 2.85E-15     1.31695789692482      1.31695789692482  0.00E+00 

 
 
Arccosh(x) suffers from the same deficit as the Taylor series for Arcsinh(x). 
 

 First, the Taylor series convergence slowly when x is approaching one.   
 Secondly, you need to calculate the ln(2x) which takes approximately the same 

amount of time as the direct method.  
 Thirdly, you cannot overcome the issue of slow convergence since there is no 

argument reduction available (the technique we use to speed up the Taylor series). 
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 Lastly, it is several magnitudes slower than the direct method. 
 
Therefore, this method is not recommended. 
 

Recommendation for calculating Arccosh(x) 
 
Based on the performance measure of the various arcsinh(x) methods recommend: 
 

 Use the Direct method: Arccosh(x) = ln൫x + √xଶ − 1൯ 
 
 

Arctanh(x): 
 
There are two interesting methods to use. One is the standard Taylor series and the other 
one is the direct method. 
 

Arctanh(x) direct method 
Arctanh(x) is equal to: 
 

  Arctanh(x) =
ଵ

ଶ
ln ቀ

ଵା୶

ଵି୶
ቁ ,   where |x| < 1    ( 20) 

 
Ln(x) is relatively fast.  This direct method is the preferred way of calculating 
Arctanh(x). 
. 
Source for Arctanh(x)  
float_precision atanh( const float_precision& x ) 
   { 
   float_precision v(x); 
   const float_precision c1(1); 
 
   if( x >= c1 || x <= -c1 ) 
      { throw float_precision::domain_error(); } 
 
   v.precision( x.precision() + 1 ); 
   v = log((c1+v)/(c1-v)); 
   v.adjustExponent(-1);   // v *= c05; 
    
   // Round to the same precision as argument and rounding mode 
   v.mode( x.mode() ); 
   v.precision( x.precision() );   
   return v; 
   } 
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Arctanh(x) using the Taylor series 
 
For arctanh(x) we can use a Taylor series until any additional addition does not change 
the result for the given precision of the number:  
 

Arctanh(x) = x +
୶య

ଷ
+

୶ఱ

ହ
+

୶ళ

଻
+

୶వ

ଽ
− ⋯ , where |x| < 1   ( 21) 

 
Notice the similarity with the arctan(x) Taylor series. Arctanh(x) does not use any 
alternating signs between Taylor terms as the arctan(x) Taylor series does. 
 
Arctanh(x) suffers from the same weakness as the other hyperbolic function, that there is 
no argument reduction formula to lower the argument, x, and increase the performance of 
the Taylor series. 
 
The Arctanh(x) Taylor series converges slowly, particularly when x is close to 1 or -1. 
 
Example Arctanh(0.1) 
We need only seven Taylor terms to get the result. 

ArcTanh(x)  Original  |x|<1 

 x= 0.1   
Terms Term value Term Sum ArcCosh(x) Error 

1 1.00E-01     0.100000000000000      0.100000000000000  3.35E-04 
2 3.33E-04     0.100333333333333      0.100333333333333  2.01E-06 
3 2.00E-06     0.100335333333333      0.100335333333333  1.44E-08 
4 1.43E-08     0.100335347619048      0.100335347619048  1.12E-10 
5 1.11E-10     0.100335347730159      0.100335347730159  9.17E-13 
6 9.09E-13     0.100335347731068      0.100335347731068  7.79E-15 
7 7.69E-15     0.100335347731076      0.100335347731076  0.00E+00 

 
Example Arctanh(0.5) 
Now we need 23 Taylor terms to get the result. More than three times as many as for 
arctanh(0.1). 
 

ArcTanh(x)  Original  |x|<1 

 x= 0.5   
Terms Term value Term Sum ArcTanh(x) Error 

1 5.00E-01     0.500000000000000      0.500000000000000  4.93E-02 
2 4.17E-02     0.541666666666667      0.541666666666667  7.64E-03 
3 6.25E-03     0.547916666666667      0.547916666666667  1.39E-03 
4 1.12E-03     0.549032738095238      0.549032738095238  2.73E-04 
5 2.17E-04     0.549249751984127      0.549249751984127  5.64E-05 
6 4.44E-05     0.549294141188672      0.549294141188672  1.20E-05 
7 9.39E-06     0.549303531212711      0.549303531212711  2.61E-06 
8 2.03E-06     0.549305565717919      0.549305565717919  5.79E-07 
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9 4.49E-07     0.549306014505833      0.549306014505833  1.30E-07 
10 1.00E-07     0.549306114892603      0.549306114892603  2.94E-08 
11 2.27E-08     0.549306137599134      0.549306137599134  6.73E-09 
12 5.18E-09     0.549306142782147      0.549306142782147  1.55E-09 
13 1.19E-09     0.549306143974239      0.549306143974239  3.60E-10 
14 2.76E-10     0.549306144250187      0.549306144250187  8.39E-11 
15 6.42E-11     0.549306144314416      0.549306144314416  1.96E-11 
16 1.50E-11     0.549306144329437      0.549306144329437  4.62E-12 
17 3.53E-12     0.549306144332965      0.549306144332965  1.09E-12 
18 8.32E-13     0.549306144333797      0.549306144333797  2.58E-13 
19 1.97E-13     0.549306144333993      0.549306144333993  6.16E-14 
20 4.66E-14     0.549306144334040      0.549306144334040  1.50E-14 
21 1.11E-14     0.549306144334051      0.549306144334051  3.89E-15 
22 2.64E-15     0.549306144334054      0.549306144334054  1.22E-15 
23 6.32E-16     0.549306144334054      0.549306144334054  0.00E+00 

 
You can add coefficient scaling to speed things up. However, the Taylor series method is 
still many magnitudes slower than the direct method. 
 
It suffers from the same deficit as the Taylor series for Arcsinh(x) and Arccosh(x) but not 
as bad from a performance perspective. 
 

 First, the Taylor series converges slowly when x is approaching one.   
 Secondly, you cannot overcome the issue of slow convergence since there is no 

argument reduction available (the technique we use to speed up the Taylor series). 
 Lastly, it is several magnitudes slower than the direct method. 

 
Therefore, this method is not recommended. 
 

Recommendation for calculating Arctanh(x) 
 
Based on the performance measure of the various arctan(x) methods recommend: 
 

 Use the direct method. Arctanh(x) =
ଵ

ଶ
ln ቀ

ଵା୶

ଵି୶
ቁ ,   where |x| < 1 

 

Overall Recommendation for calculating Hyperbolic 
functions 
 

 Use the Taylor series for calculating sinh(x) using argument reductions and 
coefficient scaling 

 Use the Taylor series for calculating cosh(x) using argument reductions and 
coefficient scaling 
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 Use  tanh(𝑥) =
௘మೣିଵ

௘మೣାଵ
   for calculating tanh(x) 

 Use Arcsinh(x) = ln൫x + √xଶ + 1൯ for calculating arcsinh(x) 

 Use Arccosh(x) = ln൫x + √xଶ − 1൯ for calculating arccosh(x) 

 Use Arctanh(x) =
ଵ

ଶ
ln ቀ

ଵା୶

ଵି୶
ቁ for calculating arctanh(x) 
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